Abstract. If G is a (connected) complex Lie Group and Z is a generalized ag manifold for G, then the open orbits D of a (connected) real form G 0 of G form an interesting class of complex homogeneous spaces, which play an important role in the representation theory of G 0 . We nd that the group of automorphisms, i.e., the holomorphic di eomorphisms, is a nite-dimensional Lie group, except for a small number of open orbits, where it is in nite dimensional. In the nite-dimensional case, we determine its structure. Our results have some consequences in representation theory.
Our main results are contained in the following theorem.
Main Theorem. Suppose D is any open orbit in Z. Table 1 .1 (3) The group of hermitian isometries (i.e., the group of holomorphic di eomorphisms preserving the hermitian metric) is (a) Hol (D) if G 0 is non-compact and, (b) a compact real form of Hol (D) if G 0 is compact. In Proposition 3.11 we will see how the case of a semisimple group reduces to the case of simple groups.
The method of proof is to study the Lie algebra of global holomorphic vector elds on D using some standard techniques from representation theory. In most cases, this Lie algebra is just g. However, in other cases, it is a bigger nite-dimensional Lie algebra g 1 . In each of these cases we nd a group G 1 0 which has (complexi ed) Lie algebra g 1 and has an e ective action on D.
Our results have several consequences for the representations associated to the open orbits. In the cases listed in Table 1 .1 we view G 1 0 as acting on D. The irreducible representations occurring in Dolbeault cohomology spaces on D extend to (irreducible) representations of G 1 0 . Also, the results have implications for a space of maximal compact subvarieties of D, which in turn plays a role in certain realizations of these representations. This will be discussed in the nal section.
We are grateful to T.N. Bailey for helpful discussions regarding Proposition 2.3. and especially to D.A. Vogan for suggesting the approach to Propositions 2.4 and 2. 5. x2. Some detailed information is obtained on the Lie algebra of global holomorphic vector elds on D. It will follow that Hol (D) is usually nite dimensional and its structure will be narrowed down to a few possibilities. We start with some notation.
Let G be a connected simple complex Lie group. As mentioned in the introduction, the semisimple case can be reduced to the simple case. Fix a generalized complex ag manifold Z for G. Then, Z is (biholomorphic to) G=Q where Q is a parabolic subgroup of G. We follow the common practice of denoting the Lie algebra of a Lie group by the corresponding gothic letter. Thus, the Lie algebras of G and Q will be denoted by g and q, respectively. A connected real form of G will be denoted by G 0 , with Lie algebra g 0 . By Theorem 2 As B is a bounded domain in some C N , the space of holomorphic functions f : B ! k is in nite dimensional. Now, K z 0 = K 0 z 0 , so K is contained in the automorphism group of K 0 z 0 . Thus, for each holomorphic f : B ! k, there is an automorphism of B K 0 z 0 de ned by '( ; z) = ( ; (exp(f( )))z). Note that k 6 = 0 since p ? 6 = u. This provides an in nite-dimensional family in Hol (D). Now consider the holomorphic tangent bundle T . The action of U on g=q is not in general trivial, so the above does not apply directly. Instead, we form a ltration g=q = F 1 F 2 F N 0 so that F i =F i+1 does have a trivial u action. (For instance, we could take a composition series for g=q, so that each F i =F i+1 is irreducible as q-module, in which case the action of u is necessarily trivial.) As Hom q (U(g); ) (L 0 \K 0 )-nite is exact, there is a ltration of Hom q (U(g); g=q) (L 0 \K 0 )-nite with quotients Hom q (U(g); (
). Now we may conclude that, unless + contains one of (p ), Hom q (U(g); g=q) K 0 -nite is nite dimensional. Now note that as we were free to choose + (l) , it follows that (p )\ (l) = 0. Thus, + contains one of (p ) if and only if (u) contains one of (p ) Proof. This is easily checked by direct calculation.
x3. We now consider the simple Lie algebras g having two di erent root lengths. We use Lemma 3.1 below to restrict the possibilities for Z = G=Q for which Hol (D) 6 = G 0 or G. We then treat each of the possible ag manifolds Z separately.
The following lemma will help us determine when (2.6) is zero for E = E s . The fundamental weight corresponding to j is denoted by j . Recall that a weight determines a parabolic subgroup Q with Lie algebra q = q( ) by (h; q) = f 2 j h ; i 0g. Each parabolic subalgebra is conjugate to some q( ), in fact, is conjugate to one with = P The relevant real form G 0 of B n is the connected component of the isometry group of ( ; ) restricted to R 2n+1 . That is, G 0 = SO e (2p; 2q + 1). The complex ag manifold Z is the space of all maximal isotropic subspaces of C 2n+1 , also known as the space of pure spinors. The set of (p + q)-planes 2 Z such that the hermitian form hw; zi := (w; z) restricted to has signature (p; q) contains two open G 0 -orbits. They are D = G 0 :z 0 , where z 0 = span C fe 1 Type C n . Let !(w; z) = P n j=1 (w j z n+j ? w n+j z j ) be the standard symplectic form on C 2n . Then G = Sp(n; C) is the complex group preserving !. The complex ag manifold under consideration is Z = f!-isotropic lines in C 2n g, which is just CP 2n?1 , since any line is automatically isotropic. There are two families of real forms: Sp(n; R) and Sp(p; q).
De ne G 0 = U(n; n) \ G, where U(n; n) is the isometry group of hw; zi = P n j=1 (w j z j ? w n+j z n+j ). Then G 0 = Sp(n; R). We use the following lemma, which follows easily from the development in Chapter 6 of 6].
Lemma 3.6. Suppose A; A 0 Õ are normed subalgebras both isomorphic to either the quaternions H or the 2 2 real matrices M 2 (R), then any isomorphism A ! A 0 extends to an automorphism ofÕ. For z; z 0 2 D ? , the argument is similar. Now, however, the subalgebras A and A 0 generated by fx; yg and fx 0 ; y 0 g are isomorphic to M 2 (R). Again, there exists an isomorphism f : A 0 ! A. The group Aut(M 2 (R)) consists solely of conjugations by elements of SL(2; R), which is the action of SO e (1; 2) on R 1;2 = M 2 (R) \ ImÕ. Again, by Witt's theorem, there is an isometry h of R 1;2 such that h(f(x 0 )) = x and h(f(y 0 )) = y. One can check that h may be taken to lie in SO e (1; 2) = SL(2; R). Now, by Lemma 3.6, h f extends to g 2 Aut(Õ). Thus, we have an element g 2 G 0 with g z 0 = z. This completes the proof of Claim 3.5. j=1 Re j with e 1 = identity and e 2 ; e 3 ; e 4 units (i.e. (e j ; e j ) = 1) with e 2 e 3 = e 4 . Suppose g 2 G 0 xes e 2 + ie 3 2 D + . Then g xes both e 2 and e 3 . As g is an automorphism, it must also x e 4 , hence all of A. By Remark 3.8, the automorphisms xing A are of the form F , where is an element of A of length one. But, since A = H, the length-one elements form a group isomorphic to SU (2) . The stabilizer of the line C (e 2 + ie 3 ) also includes the scalars. Therefore, Stab G 0 (e 2 + ie 3 ) = U (2) .
For the orbit D ? , take A = M 2 (R). We pick our base point to be the isotropic vector x + iy with x = 0 1 1 0 and y = 1 0 0 ?1 . Again, if g 2 G 0 xes x + iy, then g xes A. By Remark 3.8, the automorphisms ofÕ xing A are all of the form F where 2 A and ( ; ) = 1, i.e., det( ) = 1. Thus, the group of automorphisms xing the vector x + iy is SL(2; R). As scalars also x the line C (x + iy), we have Stab G 0 (x + iy) = SL(2; R) U(1).
We conclude the type G 2 case by sketching a proof that Z is a ag manifold for G. Table 4 B 0 2 U(n; n) r Sp(n; R) on V 0 . Note that the in nitesimal deformations predicted by Kodaira-Spencer theory all come from M 1 D . As a nal remark, note that the list in 2] of nilpotent co-adjoint orbits`sharing' an orbit with a bigger group has a lot in common with our list. The open orbits we are considering here are G 0 -equivariantly biholomorphic to the elliptic co-adjoint orbits. It would be interesting to understand the connection between our list and that of 2] in terms of nilpotent orbits as limits of elliptic orbits.
